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In this paper we present some abstract criteria for equisummability of 
expansions in eienfunctions of certain pairs of elliptic operators on general 
domains of [w”. The criteria to be developed originate in some cases from 
general Banach space arguments, and in others from the more specific 
spatial nature of the differential operators involved. The importance of our 
analysis of L”-equisummability of two operators is that the question of 
convergence of the two summability means is reduced essentially to show- 
ing that the difference of the modified resolvent operators is uniformly 
bounded. We apply these criteria to give a simple proof of an equisum- 
mability result of Gurarie and Kon [4] for a certain class of elliptic 
operators whose leading terms are positive and lower order terms have 
coefficients which are singular on a nowhere dense set. The key technique is 
to analyze kernels of the resolvents and use ,&‘-radial bounds of the 
resolvents developed in [3]. 
The prototypical case for equisummability is found in the study of 
equiconvergence for differential operators. Classically Haar [ 51, 
Walsh [lo], Birkhoff [2], and Tamarkin [lo] have shown that the dif- 
ference between expansions with respect to eigenfunctions of a 
Sturm-Liouville operator (or Birkhoff series) and the ordinary Fourier 
series tends to zero uniformly in every finite interval. In this case the mul- 
tiplier or summator function is the characteristic function. 
In some one-dimensional cases where such equiconvergence fails, 
Stone [9], Levitan and Sargsjan [6], and Benzinger [1] have showed 
equisummability for Riesz typical means of eigenfunction expansions of dif- 
ferential operators, where the summator function is 
((A)=[ 1 -(f)“]’ on C-R, R], 
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is its appropriate replacement. For equisummability in higher dimensions, 
Gurarie and Kon [4] have recently given coditions under which the expan- 
sion of an Lp function in eigenfunctions of an elliptic operator A is 
equisummable with the corresponding expansion obtained from its leading 
term &, within the class of analytic summation techniques. 
In the first section of this paper we prove analytic equisummability for 
closed operators defined on Lp( R”) spaces for 1 6p < co. The usefulness of 
these theorems is shown in Section 2, where we give a simple proof of 
Gurarie and Ken’s equisummability theorem for a certain class of elliptic 
operators [4]. An example of equisummability for elliptic operators for 
functionsJ‘E L2( R) is given. Namely, the generalized Fourier transform off 
associated with certain classes of Sturm-Liouville problems is analytic 
summable to f(x) pointwise if and only if the Fourier transform off is 
analytic summable to f(x) pointwise. Another application of equisum- 
mability will be made to convergence of solutions of the heat and pertur- 
bed heat equations to their common initial value. The final section has a 
result on equisummability for a selfadjoint operator A and its linear pertur- 
bations on a Hilbert space H. This is proved by use of a simple algebraic 
identity. 
Our hope is that the theorems of Section 1 can be applied to elliptic 
operators on manifolds, or better still, to uniformly elliptic operators whose 
leading terms have non-smooth coefficients. 
1. EQUISUMMABILITY FOR CLOSED OPERATORS ON LP(W), l<p< co 
We begin by presenting basic definitions and notation. An operator A on 
a Banach space X is qksummable on X if II d(.sA)f--f Ilx + 0 as ( E / -+ 0 for 
all f in X, in some domain D contained in the set of complex numbers C. 
The operator 4(&A) can be defined by an appropriate functional calculus. 
As an example, let A be a differential operator on LP(W), 1 <p < co. Let 
{u(x, A)> be the t f se o generalized eigenfunctions associated with the eigen- 
value il belonging to the spectrum a(A). Letfe LP(R”) and assume that the 
(formal) eigenfunction expansion 
and its generalized Fourier coefficient 
m-J f(x) 44 A) dx R” 
exist. Here - denotes Lp convergence as the limits of integration become 
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infinite, and p is a combination of spectral functions. Let &A) be con- 
tinuous and 4(O) = 1. We say that the eigenfunction expansion (1) is &sum- 
mable in an appropriate topology if the summability means 
as 1 E 1 + 0, E again belonging to some domain D in C. When the summator 
function 
1 1 Z 
W)=x= 1 -(n,z)=- Z--A’ 
for E= -‘and 
Z 
Sf-f as lzl -+ cc, z in D’, 
D’ = (z 1 - l/z E D}, the eigenfunction expansion is resolvent summable to f: 
Two operators A and B on a Banach space X are &equisummable from 
X into a Banach space Y if /rj(~A)f-#(&B)f 11 Y-+O as 1~1 -+O for all f 
in X. 
Our first lemma gives a sufficient condition for resolvent summability for 
an operator on Lp(R”), 1 dp < co. We remark that we cannot state an 
analogous conclusion for resolvent summability from Lp(R”) into Lq(R”). 
The best we can say is that for a finite domain G c R”, resolvent sum- 
mability from LP(G) + Lp( G) implies resolvent summability from 
Lp( G) -+ LY(G) when q 6~. We remark that each lemma and theorem in 
this section is also true for any domain G, where G c R”. 
LEMMA 1. Let A be a closed densely defined operator on Lp(R”), 
1 <p < co. Ifz(z -A)-’ is uniformly bounded on Lp(W) as 1 z I + co for z in 
some domain D in the complex plane, then A is resolvent summable on 
Lp(W) in D. 
Proof Let f belong to the domain of A. For all z if 1 z 1 + cc 
in D, z-‘(z-A)[z(z-A)-‘f-f]=z-‘Af+O in Lp(W) implies 
z(z-A)-If-f=z(z-A))’ [z-lAf]-+O in Lp(R”). As z(z-A))‘f+f 
on a dense set of Lp( IY), where z(z - A) -I is uniformly bounded, by stan- 
dard Banach space techniques 11 z(z- A)-‘f -f IILpCIw”) + 0 for all f in 
L”( R”). 
If summability does not occur with respect to the Lp(R”) norm, 
l<p<Go, then equisummability from Lp(R”) to Lq( W) becomes 
interesting. In applications this typically occurs when q = co. 
Our next theorem states conditions under which equisummability from 
Lp(W) to L4(W) holds for 1 <p < co, 1 < q < co. The case of greatest 
classical interest is q = 00. 
409/l IS/l-7 
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THEOREM 1. Let A, B be closed operators on Lp(W) into Ly([w”), 
1 <p < 00, 1 < q < co. Let Sz be dense in L*( W”) and also contained in 
L4(W) such that A, B map D into Lr(W) n Ly(W). Assume z(z - A))’ - 
z(z - B)-’ is untformIy bounded from Lp(W) to Lq(Iw”) for z in D c C. If 
z(z - A)-’ and z(z- B))’ are unzformly bounded from Lq([w”) to Lq(W), 
then A and B are resolvent equisummable from Lp( W) + Lq( W) in D. 
Proof: We show that R,f=z(z- A)-‘f-z(z- B)-‘f-t0 in Lq([w”) 
for f in Lp((Wn). Let f belong to the dense domain Sz in Lp(W). Then 
z(z-A)-lf-f=z(z-A)-’ [z-‘Af-J+O as Izl+oc, (2) 
in Lq(08”), by Lemma 1. [Our hypothesis ensures that f E Lq([Wn).] 
Similarly, 
z(z-B)-‘f-f=z(z-B)-’ [z-‘Bf] +O as lzI-+co (3) 
in Lq(DB”). Subtracting (3) from (2) yields 
R,f=z(z-A)-‘f-z(z-B)-‘f-0 in LY(R”)as 1zI + cc 
for f in 0, z in D. By Banach space theory R, f + 0 as 1 z 1 + cc in Ly(W) 
for all f E Lp( IV’), and the proof is complete. 
We note that in applications Q will be the class of infinitely differentiable 
functions with compact support, C;(P). If A, B are differential operators 
with L” coefficients, the hypotheses concerning the mappings of the dense 
domain of Lp(W) of Theorem 1 hold. We parenthetically remark that we 
define our resolvents as operators from the intersection of Lp(W) and 
Lq(W) to Lq(W) by restricting them from the domain Lq([w”) to a dense 
subset of Lp(W), say Q = C~(R”), and then extending to Lp( W”) by con- 
tinuity from C:(P). (Clearly, if there is no continuous extension then this 
procedure does not make sense.) 
The setting for our principal theorems follows (see Fig. 1). Let K be a set 
in @. Here 8K denotes the boundary of K while K” denotes the complement 
of K in C. The regions Ki, (i = 1,2,) defined in Theorem 2 can be infor- 
mally thought of as concentric (skelton) keyholes the intersection of one of 
which with the exterior of the other contains the contour ZY These regions 
will be used also in Theorems 3 and 4. 
THEOREM 2 (Kon). Let A, B be closed operators on Lp([w”) for 
l<p<cc. Assume R,f=z(z-A))‘f-z(z-B))‘f is uniformly bounded 
from Lp(Iw”)+Ly(Iw”), where l<q<cc. Let D,,={z~C(lzI<r~}, and 
Qer= {ZE @ I I arg z] de,}, and K,= D,u sZe3 for i= 1,2 be such that 
Kz c K,. Let A and B be resolvent equisummable on the complement of K2. 
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Zf 4 is analytic on K, such that 4(O) = 1, 4(z) = O(z-a), (6 > 0) in z in K, 
n KS, then A and B are #-equisummable in E, E in D = {z 11 arg z 1 c 8, - e,} 
from Lp(rW”) + Lq(Iw”) for 1 <p < 00 and 1 <q Q 00. 
ProoJ The operators #(&A) and 4(&B) are defined by the Dunford 
operator calculus with 
’ ?@ R,,,fdz =- I 27G r 9 
largEI <8,-e,. 
z 
By the Minkowski integral inequality 
ll#(EA)f-4(Wf llu= & 
/I j 
ryR,,,fdz 
.Lq 
II K,ef Ilo I dz I 
where I ~(z)/z I E L’(T). As II Rzia f II Lu -+ 0 uniformly as I E 1 + 0 for every z 
on r, by the dominated convergence theorem II #(cA)f- #(&B)f 11 Lp -+ 0 as 
I E ( + 0. Thus &equisummability follows. 
We note that in Theorems 2 and 3, although the condition 4(O) = 1 is 
not used, the definition of summability requires that 4(&A) approaches the 
identity as E approaches zero. 
The next theroem gives conditions which imply one of the hypothesis of 
Theorem 1, namely the uniform boundness of the difference of the 
resolvents. This theorem is included as it gives a boundness criteria for d- 
equisummability from Lp( R”) into Lq( R”). 
THEOREM 3. Let A, B be closed operators on Lp(W) which map some 
dense domain Sz of Lp( [w”) also contained in Lq( W) into LP( W”) n Lq(W), 
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where 1 <p < co, 1 < q < a3. Let K, and K2 be the regions defined in 
Theorem 2. Assume z(z - B) ’ and z(z - A) ’ are untformly bounded from 
Lq(lR”)~Lq(lR”) for l<q<cc outside of K2. Let (A-B)(z-A))’ be 
uniformly bounded from Lp(W) -+ Lq(R”) outside of K,. If 1+3 is analytic, 
4(0)=1, fj(z)=0(z-6), 6>0 f or z in K, v aK,, then A and B are I& 
equisummable from Lp( W) into Lq( W). 
Proof We write 
R,=z(z-A))‘-z(z-B))‘=z(z-B))‘(A-B)(z-A)-’ (4) 
which is clearly uniformly bounded from Lp(W) into Lq(W) under our 
assumptions. As the hypotheses of Theorems 1 and 2 are satisfied, the con- 
clusion follows. 
Finally we observe that when A is a differential operator, (z - A)’ is 
LP-smoothing, so that we expect equisummability from Lp( R”) into Lq( W). 
When q = cc and A, B are &equisummable, then 4(&A) f + f at exactly the 
set of points where 4(&B) f +f, since ($(&A) - 4(&B)) f converges uniformly 
to 0. 
2. EQUISUMMABILITY OF ELLIPTIC OPERATORS ON Iw" 
In [3] Gurarie and Kon prove that the kernels of the resolvents of a cer- 
tain class of elliptic operators are bounded by L’-radially decreasing con- 
volution kernels. They also find in [4] the best possible conditions on p 
under which the expansion of an Lp(W) function in eigenfunctions of an 
elliptic operator A is La(W) equisummable with the corresponding expan- 
sion obtained from its leading term A,, (whose coefficients are positive con- 
stants), within the class of analytic summation techniques. We now give a 
simple proof of an L”-equisummability result by using the L’-radial 
bounds of [3] and Theorems 1 and 2. 
We now present some notation. Let CI = (a, ,..., c(,) be a multi-index, and 
Consider the differential operator 
A= c b,(x)D*-A,+C 
IoLl Qrn 
where A, contains the leading terms and C is the remainder. We assume 
that A,, is constant coefficient positive elliptic [i.e., A,, = & =m b,D” and 
& =* b,za > 0 for z = (zl ,..., z,) #O E R”, and b, E R]. We assume that the 
coe&cients of C can be expressed as sums of functions in certain Lp(R”) 
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spaces, i.e., b,(x) E Lra + L”, ( a 1 i m, where d = suplal <,,, {n/r, + I ~1) } < m. 
We choose for the domain, the Lp Sobolev space 2;. (If p is outside 
1 <p < min ror, then A may not be densely defined.) The next theorem is an 
application of the theory in Section 1. 
THEOREM 4. (Gurarie and Kon). Let A = A,, + C and B = A, + D be 
closed elliptic operators defined as above on the Sobolev space .9&, 1 < p < 
min r,, where A,, is constant coefficient positive elliptic containing the leading 
terms of order m. Assume the coefficients b,(x) of A, B are singular on a 
nowhere dense set. Let K, and K, be as in Theorem 2 and 4 be analytic on 
K,, #(O)=l, &z)=~(z~“), 6>0 and z in K,nK;. Then A and B are 4- 
equisummable from LP(Rn) into L”(W) for p > n/(m -d), and E in 
D={zIIargzI<f?-8,). 
Before starting the proof, we note that the hypothesis concerning the 
coefficients of A, B can be satisfied as follows. Let E be the union of all 
singular points of coefficients of A and B. Let cr be the set of functions in 
CF with support outside neighborhoods of E. One can show 
and that c? is dense in all Lp(p < co). @ can be considered the dense set 
needed in the hypotheses of Theorem 1. 
Consequently the resolvents of A and B map a dense domain of Lp(W) 
into Lp( UP) n L”( Rn) for p > n/(m - d). Further, the union of the spectra of 
A and B, o(A) u o(B), is contained in a parabolic region about [w +, so that 
combined spectrum can be included in a region K = D, u Q, described in 
Theorem2 (see [3]). 
Proof. We will show that the hypotheses of Theorems 1 and 2 are 
satisfied. First we show that z(z - A)) ’ is uniformly bounded from L”( NY) 
into Lm(R”) as 1 z 1 -+ co outside the keyhole KZ. In [3], the kernel Lf(x, y) 
of (z - A) - ’ is estimated by 
ly(x, y) < Cp(++ %s,,(p(l’m)(X - y)) 
where 
1x1-s if s> 0, 
h&)= -In Ix1 if s = 0, 
Ix\-’ if. 
IXIGL 
IXIGL 
IxI> 1, (5) 
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and S=max(O,n-m) and t>n, p=(z(, 8=argz, p>po>O and 
) 0 ( 2 8, > 0. This bound is an L’-radially decreasing convolution kernel 
which is appropriately bounded in growth near (X - y). So for f e L"(W) 
(* denotes convolution), 
IIz(z-wlfIIm= jR~zL:w4fwY 
II II co 
< p”‘” 
II j 
C,h,,(pl'"(x-y))f(y)dy R" II ic 
= c, pnJm llk,,(P1’mx) *f llmt 
d G P”‘” II UPW II 1 II f II m > 
by the Young inequality, II f * g llr < II f lip II g II4 for l/r = l/p + l/q - 1. We 
note that the right-hand side is independent of p, since 
P “‘m II ~,,Wrnx)ll I = em I,. I k,,(pl’m~)l dx 
letting x = p - *lm x. 
= s I k,,(x)l dx, R” 
So II z(z- A)-'f (I a, < C, II f II m. Thus z(z - A)-’ is uniformly bounded 
on L”(P) into L”(P) as IzI -00. Similarly, z(z - B) ~ ’ is uniformly 
bounded. 
Next we show that R, f = z(z - A)-’ f - z(z - Ao)-’ f is uniformly boun- 
ded from LP(R”) into Lm(lR”) for p > n/(m - d). The kernel of J~$~o(x, y) of 
(z-A)-’ - (z-A,,)-’ is bounded by 
LyO(x, y) < Cqp((d+m)‘“)~*h,,,,(pl’“(x-y)) 
where h,,,, is defined in (5), but now s’ = n - 2m + d and t > n (see [3]). So, 
letting z = pe”, 
IIRzf IIm= IIz(z-A)-‘f-z(z-B)-‘f /loo 
bP ID W% Y)S(Y) dy m R" II 
GP ((d+m)ln)- 1 c4 bt(~““(x -.Y))~(.Y) 4 m 
II 
= Cqp((d+m)‘n)--l (I h,&l”“X) * f II m 
GCSP ((d+m)‘n)- l 11 h3,,t(p(1’m)X)l/p, II f lip 
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by Young inequality, where l/p + l/p’ = 1. By substituting x = p-limx and 
using p > n(m - d), we have, since (d/m) + (n/mp) - 1~ 0, 
II R,f II m < ‘GP(~‘~)+(“‘~~)- ‘ II k&4,~ II f lb, 
6 G II ~&)II,~ II f lip (PbPo>O). 
Next we show that II h,,,,(x)ll,, is finite: 
=C,~‘r”~“~‘-‘dr+C,I:‘r”-“.-‘dr. 
0 
This is finite if n - s’p’ - 1 > - 1 and n - tp’ - 1 < - 1. For s’ = n - 2m + d, 
the first inequality is true; and the second inequality holds for t > n. 
Finally, II&f II m 6 G II f llpy and so is uniformly bounded from Lp(R”) 
into Loo(R”). We noted above that the resolvents of A and B map a dense 
domain of LP(R”) into LP(R”) n Lm(R”). So by Theorems 1 and 2, A, and 
A0 are &equisummable. 
To show that A = A, + C, B = A, + D are &equisummable, it suflices to 
observe that A, B are &equisummale with A,. (Alternately, we could have 
proved that A and B are #-equisummable by using the fact that the dif- 
ference of kernels equals the kernel of the difference. Thus the upper 
estimate for L:‘.B is of the same form as that of L,AsAo and L5A~.) 
COROLLARY. If A, B are as in Theorem 4, then 4(&A) f + f at x E R” if 
and only if 4(&B) f + f at x. 
We remark that the resolvents (z-A)-’ and (z-B)-’ can be shown 
(using results of [3,4]) to map Lp(p < co) into the LP-Sobolev space 9% 
of m-times differentiable functions; thus the same is true of 4(&A) and 
4(&B), so that convergence in the corollary can be defined in terms of 
smooth representatives of #(&A) f and &cB)f: 
It follows immediately that under the conditions of Theorem 4 the 
generalized Fourier expansion associated with certain classes of 
Sturm-Liouville problems and the ordinary Fourier transform are analytic 
equisummable. In other words the generalized Fourier transform off is 
#-summable to f(x) pointwise if and only if the Fourier transform off is 
&summable to f(x) pointwise. 
For example (see [6]), consider the equation 
-d%(x) 
dx2 + q(x) u(x) = Nx), 
XE(-co, co) (6) 
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and q(x) is continuous. Let u,(x, A) denote the solution of this equation 
which satisfies the initial conditions 
u,(O, n)=o, -&(O, A)= -1, (64 
and by Q(X, A) the solution under the initial conditions 
do, A) = 1, ; u,(O, /I) = 0. (6b) 
For f in L*, f has an L2-convergent orthogonal expansion with respect o 
eigenfunctions ui, the generalized Fourier coefficients and standard limits of 
step functions [6 J. 
Then as shown in [4], when the summator function 4(A) is analytic and 
satisfies the conditions of Theorem 4, and the summability means with 
respect to 4 of each of the integrals in the expansion is absolutely con- 
vergent, then the 4-equisummability of the generalized Fourier expansion 
and Fourier transform follows. That is, the 4(&A)-means of the generalized 
eigenfunction expansion converges pointwise if and only if 
jm @(En) &,/I, e -i&Qi +f(x) as J&l -+O 
-m 
pointwise, where jl denotes the Fourier transform off: 
For a final example, consider the heat equation A,u = -Au = -a/at(u) 
with the initial condition u(x, 0) =f(x) E LP(R”), p>,n, and the associated 
perturbed heat equation 
Au* = (-A+ q(x)) u* =$ (u*), u*(x, 0) =f(x). 
Here q(x) may be a sum of L”(W) and L”(W) functions. By Theorem 4, 
with #(&A)= eeCA, lI~‘~f---e~‘~qf 1lo3 +O as t -+ 0. In other words, the 
solutions U(X, t) and u*(x, t) converge to f(x) as t + 0 at the same set of 
points x in IR”. 
3. EQUISUMMABILITY OF ADJOINT AND NON-SELFADJOINT OPERATORS 
In this section we show that on a Hilbert space H there is resolvent 
equisummability of selfadjoint operators A and their linear perturbations. 
THEOREM 5. Let A be a selfadjoint operator on a Hilbert space H with 
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A 2 -C> - co. Let T be a linear operator whose domain contains the 
domain of A and ((TA-b((<C for some b<l. Then A and A+T are 
resolvent equisummable on H. 
Proof: First we recall that by spectral theory [I(1 + &A) -‘f-f (1 H -+ 0 as 
1~1 -0, IargsI<&,<rr, for all fEH. (Recall E= -l/z.) To prove the 
theorem we show )I(1 +EA+ET)-~ f-(1 +&-If I[ +O as Ial +O. 
Recalling (4) in Theorem3, (E( (((~+EA+ET)-’ T(l+EA)-‘f I(-+0 as 
1 E ) --+ 0. For b < 1, ( E 1 < 1, and {A} eigenvalues associated with A 2 -C, 
<c* (&l-b. 
so 
IE) )/T(I+EA)-‘))~C~~E~‘-~,O as IE\+O. 
We also have 
I[(1 +EA+ET)-‘II = /I(1 +&A)-‘(1 +&T(l +&A)-‘)-‘]I 
< c, as Ial +O. 
So the proof is complete. 
As an application of this result, choose the potential q in a 
Sturm-Liouville system (6) such that 11 q(x)(l- d))b /I< C for b < 1. Then 
for such potentials the Laplacian and the corresponding Sturm-Liouville 
system are resolvent equisummable on L*(W). 
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